a r t i c l e i n f o a b s t r a c t
Introduction
The study of singularities of caustics and wave fronts was the starting point of the theory of Lagrangian and Legendrian singularities developed by several mathematicians and physicists [1, 2, [4] [5] [6] 8, [16] [17] [18] , etc. Then the significance of Lagrangian and Legendrian submanifolds of symplectic and respectively contact spaces has been recognized throughout mathematics, from algebraic geometry to differential equations, optimization problems and physics. In the previous paper [12] , we have given a relationship of equivalence relations between Lagrangian submanifolds and big Legendrian submanifolds. As an application of this theory, we give a relationship between the caustics (the evolutes) of a submanifold of general dimension and of the canal hypersurface of the submanifold in Euclidean space. The main results are Theorems 1.4 and 1.5. In [12] , we have shown that the Lagrangian equivalence among the caustics (the evolutes) corresponds to the contact type of hypersurfaces with the foliations whose leaves are the concentric hyperspheres. As an application of the main results, we can investigate the geometric properties of submanifolds via those of the canal hypersurfaces from the contact view point. In order to describe our results we give a brief review on the local theory of Lagrangian singularities due to [1] . We consider the cotangent bundle π : T * R n → R n over R n . Let (x, p) = (x 1 , . . . , x n , p 1 , . . . , p n ) be the canonical coordinate on T * R n .
Then the canonical symplectic structure on T * R n is given by the canonical two form ω = n i=1 dp i ∧ dx i . Let i : L → T * R n be an immersion. We say that i is a Lagrangian immersion if dim L and i * ω = 0. In this case, the critical value of π • i is called the caustic of i : L → T * R n and it is denoted by C L . One of the main results in the theory of Lagrangian singularities is the description of Lagrangian immersion germs by using families of function germs. Let F : (R k × R n , 0) → (R, 0) be an n-parameter unfolding of function germs. We say that F is a Morse family of functions if the map germ
is a non-singular, where (q, For an n-parameter unfolding of function germs
the catastrophe set of F and
) be the canonical projection, then we can easily show that the bifurcation set of a Morse family of functions F is the critical value set of π n | C (F ) . Hence, the caustic of L(F ) coincides with the bifurcation set of F , namely, C C (F ) = B F .
We now define an equivalence relation among Lagrangian immersion germs.
n , p ) be Lagrangian immersion germs. Then we say that i and i are Lagrangian equivalent if there exist a diffeomor-
projection and a symplectic diffeomorphism germ is a diffeomorphism germ which preserves symplectic structure on T * R n .
Then the caustic C L is diffeomorphic to the caustic C L by the diffeomorphism germ τ .
A Lagrangian immersion germ into T * R n at a point is said to be Lagrange stable if for every map with the given germ there is a neighborhood in the space of Lagrangian immersions (in the Whitney C ∞ -topology) and a neighborhood of the original point such that each Lagrangian immersion belonging to the first neighborhood has in the second neighborhood a point at which its germ is Lagrangian equivalent to the original germ.
We can interpret the Lagrangian equivalence by using the notion of generating families. Let E x be the ring of function germs of x = (x 1 , . . . , x n ) variables at the origin. Let F , G : (R k × R n , 0) → (R, 0) be function germs. We say that F and G are
, F 1 and F 2 are said to be stably P -R + -equivalent if they become P -R + -equivalent after the addition to the arguments q i of new arguments q i and to the functions F i of non-degenerate quadratic forms Q i in the new arguments, i.e., F 1 + Q 1 and
Then we have the following theorem: For the proof of the above theorem, see [1, pp. 304 and 325] . The following proposition describes the well-known relationship between bifurcation sets and equivalence among unfoldings of function germs: 
Let x : U → R n be an embedding, where U is an open subset in R r . We denote the codimension of U in R n by s (= n −r).
In order to consider the caustics (evolutes), we use the distance squared function germ of x,
where R + is the set of positive real numbers. We consider the case when v does not belong to the image of x, so that we adopt R + here. We can show that the distance squared function germ of submanifolds is a Morse family of functions (see, Proposition 3.1), and hence we have a Lagrangian immersion germ
On the other hand, a canal hypersurface y :
Remark that there exists a positive real number A such that y is a regular hypersurface for 0 < α < A. We write that e(u, μ) =
We also consider the distance squared function germ of y,
We have already shown that the distance squared function germ of hypersurfaces is a Morse family of functions in [8, 12] . We also have a Lagrangian immersion germ
The main results in this paper is as follows:
Theorem 1.4. Caustics C C (D) coincides with C C ( D) .
Even if caustics are diffeomorphic, Lagrangian immersion germs are not Lagrangian equivalent. In this case, we give one of such a condition that the converse hold.
Theorem 1.5. If L(D) and L( D) are Lagrange stable, then induced Lagrangian immersion germs are Lagrangian equivalent, so that caustics C C (D) and C C ( D) are diffeomorphic.
Here the notion of an induced Lagrangian immersion germ is given in Section 2. Remark 1.6. For a curve in R 3 , under the condition that its curvature dose not vanish, caustics of the curve and of a canal surface of the curve in R 3 are the same by a direct calculation. However, it is very hard to calculate directly for the case of higher codimensional submanifolds.
Remark 1.7.
The analogous results to the above theorems are true in various situations. For example, submanifolds in Euclidean sphere and submanifolds in hyperbolic space or de-Sitter space in Minkowski space. In the case of Euclidean sphere, we may consider a height function as a Morse family of functions. In [9] [10] [11] , we consider caustics (evolutes) of hypersurface in hyperbolic or de-Sitter space by using timelike or spacelike height functions. We can apply the method in this paper to such situations. Also see Remark 3.5 below.
In order to prove the theorem, we consider a family of wave fronts. In [12] we have given a relationship between caustics and wave front propagations. In Section 2, we give a brief review on the theory of graphlike Legendrian unfoldings (cf. [7, 12] ) and modify the theory a little. The graphlike Legendrian unfoldings is a special class of a big Legendrian submanifold in P T * (R n × R) (cf. [17, 18] ). We also give a brief review on the theory of big Legendrian submanifolds in Appendix A.
In Section 3, we shall prove the theorems. Actually, we will show that the corresponding graphlike wavefronts are S.P + -diffeomorphic. It is known that S.P + -diffeomorphism send both of caustics and Maxwell sets onto themselves [18] . We shall assume throughout the whole paper that all maps and manifolds are C ∞ unless the contrary is explicitly stated.
Graphlike Legendrian unfoldings
. We use notations in Appendix A. Since L is a big Legendrian submanifold in P T * (R n × R), it has a generating family at least locally. In this case, it has a special form as follows: We remark that the notion of graphlike Legendrian unfoldings and corresponding generating families have been introduced by the first named author in [7] to describe the perestroikas of wave fronts given as the level surfaces of the solution 
Theorem 2.1. ([12]) Suppose that L(F )(C(F )) and L(G)(C (G)) are Lagrange stable. Then Lagrangian immersion germs L(F ) and L(G) are Lagrangian equivalent if and only if graphlike wave fronts W (L F ) and W (L G ) are S.P + -diffeomorphic.
Here, S.P + -diffeomorphic is defined in Appendix A. In order to prove Theorems 1.4 and 1.5, we have to modify the theory of graphlike Legendrian unfoldings.
be a Morse family of functions. We consider the following graphlike generating family 
Proof. It is enough to show that if F is an R + -versal unfolding of f , then F ϕ is an R + -versal unfolding of f ϕ . Since the converse also hold if we may take F ϕ as F and ϕ −1 as ϕ. Suppose that F is an R + -versal unfolding of f . By the versality theorem (see [3, 15] or Theorem 3.4 in [14] ), a function germ 
is a Morse family of functions.
In [8, 12] , we have shown the proposition for the hypersurface case (r = n − 1). The proof for the general case is similar calculation to the hypersurface case, so that we omit the proof here.
We now consider a diffeomorphism germ ϕ :
Remark that we will consider t 0 = t 0 + α later, since we consider a relationship between caustics of a submanifold and of a canal hypersurface of the submanifold.
We consider function germs
. By a straightforward calculation, we have the following proposition. 
On the other hand, a canal hypersurface y : We also consider function germs
. Then we have the following proposition. Proof. We can construct an S.
Proof of Theorem 1.4. Since the S.P + -diffeomorphism germ send both of caustics and Maxwell sets onto themselves (cf. Remark 3.5. For submanifolds in Euclidean sphere, we may take the local diffeomorphism germ ϕ(t) = cos t. Besides, for submanifolds in hyperbolic space or de-Sitter space in Minkowski space, we may take the local diffeomorphism germs ϕ(t) = cosh t or sinh t. and also of the envelope of the family of small fronts (for more detail, see [11, 18] ).
For any Legendrian submanifold germ
, there exists a generating family of i by the theory of Legendrian singularity [1] 
In this case, we call F a big Morse family of hypersurfaces. 
be a big Morse family of hypersurfaces. We call F a generating family of L F . In this case, the big wave front coincides with the discriminant set of
We now consider an equivalence relation among Legendrian submanifolds which preserves both the qualitative pictures of bifurcations and the discriminant of families of small fronts. 
We also consider the notion of stability of Legendrian submanifold germs with respect to S.P + -Legendrian equivalence is analogous to the stability of Lagrangian submanifold germs with respect to Lagrangian equivalence in Section 1 (cf. [1, Part III]).
We study the S.P + -Legendrian equivalence by using the notion of generating families of Legendrian submanifold germs.
be function germs. We say that f and g are S.
The notion of S.P + -K-versal deformation plays an important role for our purpose. We define the extended tangent
Then we say that F is S. This result has been firstly pointed out by Zakalyukin [17] . Also see [13] . The assumption in the above proposition is a generic condition for i, i . Specially, if i and i are S.P + -Legendre stable, then these satisfy the assumption.
Concerning the discriminant and the bifurcation of small fronts, we define the following equivalence relation among big wave front germs. (L ) . Remark that the S P + -diffeomorphism among big wave front germs preserves both the diffeomorphism types of bifurcations for families of small fronts and discriminants [18] .
By Proposition A.3, we have the following proposition. 
